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ARBOREAL SINGULARITIES IN WEINSTEIN SKELETA
LAURA STARKSTON
Abstract. We study the singularities of the isotropic skeleton of a Weinstein manifold
in relation to Nadler’s program of arboreal singularities. By deforming the skeleton via
homotopies of the Weinstein structure, we produce a Morse-Bott* representative of the
Weinstein homotopy class whose stratified skeleton determines its symplectic neighbor-
hood. We then study the singularities of the skeleta in this class and show that after
a certain type of generic perturbation either (1) these singularities fall into the class of
(signed Lagrangian versions of) Nadler’s arboreal singularities which are combinatorially
classified into finitely many types in a given dimension or (2) there are singularities of
tangency in associated front projections. We then turn to the singularities of tangency
to try to reduce them also to collections of arboreal singularities. We give a general lo-
calization procedure to isolate the Liouville flow to a neighborhood of these non-arboreal
singularities, and then show how to replace the simplest singularities of tangency (those
of type Σ1,0) by arboreal singularities.
1. Introduction
Weinstein manifolds are open symplectic manifolds which play a key role in many prob-
lems in symplectic topology and mirror symmetry. A Weinstein manifold contains a core
isotropic skeleton consisting of the set of points which do not escape to infinity under the
Liouville flow–equivalently (in the Weinstein case), the stable manifolds of all the zeros of
the vector field. Any arbitrarily small neighborhood of the skeleton completely recovers the
Weinstein manifold, but the neighborhood cannot always be recovered from the skeleton
itself near complicated singularities that typically develop. A longstanding hope has been
to show that each homotopy class of Weinstein manifolds can be represented by a Wein-
stein structure with a simple enough class of singularities so that the neighborhood can
be recovered directly from the skeleton, and the singularities can be combinatorially clas-
sified by a finite list of types in each dimension. In this paper we make achieve significant
progress in this direction.
The class of singularities we aim to restrict our skeleton to have was proposed by Nadler
[Nad17], inspired by mirror symmetry. Kontsevich proposed a method to calculate certain
microlocal sheaf invariants of a Weinstein manifold in terms of the singular topology of its
skeleton, provided the singularities fall into a certain class which in this paper are referred
to as An singularities [Kon]. Nadler determined that an extended class of singularities was
necessary and accordingly defined arboreal singularities and calculated microlocal sheaf
invariants for this class [Nad17]. Most of these initial calculations were done using local
front projections of singular Legendrian submanifolds. From the perspective of this paper,
the An singularities occur naturally in Lagrangian skeleta of Weinstein manifolds where
(Lagrangian thickened) cores of handles of sequentially decreasing index meet (pictorially
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Figure 1. Left: an A3 singularity as the union of the cores of an index 2
handle and a Lagrangian thickened index 1 and index 0 handle. The red parts
are critical loci. Right: an arboreal singularity occuring as the interaction
of the cores of two index 2 handles with a Lagrangian thickened index 0.
demonstrated on the left side of figure 1). The larger class of arboreal singularities are nec-
essary to deal with interactions involving multiple handles of the same index (see the right
side of figure 1). See sections 3.4 and 3.5 for a complete description of how to understand
all arboreal singularities as naturally occuring in the skeleta of Weinstein manifolds.
One significant motivation and goal in this program is to enable us to define and calculate
invariants of symplectic manifolds (which have often involved holomorphic curve counts
with a range of foundational and computational challenges), by more topological methods.
Many sheaf-theoretic invariants have been defined as alternative methods for computing
Floer-theoretic invariants, and efforts continue to progress to establish equality between
these two types of invariants in various versions (see work of Nadler and Zaslow [NZ09,
Nad09] and upcoming work of Ganatra-Pardon-Shende [GPS]).
In [Nad], Nadler proved that any Legendrian singularity admits a non-characteristic de-
formation to a collection of arboreal Legendrian singularities preserving the associated
microlocal sheaf category. Some have envisioned a version of this procedure for singu-
lar Lagrangians in a symplectic manifold. In this paper, while we maintain consistency
with this general idea, we do not attempt to emulate this Legendrian arborealization in
the Lagrangian setting, and it is possible that our procedure would yield different results
than a rigorous global Lagrangian version of [Nad]. While there is not a unique arboreal
representative of a given Weinstein class and thus could be more than one procedure for
arborealization, our procedure has the advantage that the deformations of the Lagrangian
skeleton we perform preserve the Weinstein homotopy type of the surrounding symplectic
manifold instead of only (a priori) preserving its microlocal sheaf/wrapped Fukaya cate-
gory invariants. Furthermore, our procedure is global and any new singularities appearing
through this deformation at the global scale are carefully controlled.
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The main progress made in this paper comes in two stages given in sections 3 and 4. The
goal of the first stage is to find a skeleton whose singular stratification uniquely determines
the Weinstein manifold and is stable under certain kinds of perturbations (contact pertur-
bations of the holonomy along contact type hypersurfaces). We define the key parts of this
stratification: Lagrangian bones and joints. Each joint lies on a unique bone in the closure
of other bones which approach it, and is given as a “front projection” of a Legendrian
co-normal lift of the joint in a unit co-tangent bundle. Singularities in the skeleton are
determined by the smooth topology of the singular joints. There are two distinct causes of
singularities in the joints: inductive accumulation of joints onto joints (think of handles of
many different indices interacting), and failures of the front projections to be embeddings.
In the first stage, we deal with the first issue and show that if the front projections are all
immersions, then we can arrange by a perturbation that the singularities in the skeleton
are all arboreal (Theorem 3.11). In the second stage, we turn towards singularities of tan-
gency where a front projection fails to be an immersion. We provide a general procedure
(Proposition 4.1) for localizing these singularities of tangency so that we can modify the
skeleton in a neighborhood to try to replace the singularities of tangency with a collection
of arboreal singularities without destroying the singularity structure of distant parts of
the skeleton. Finally, in Theorem 4.2 we show that the simplest type of singularities of
tangency (Σ1,0 singularities using the notation of the Thom-Boardman stratification) can
be replaced by only arboreal singularities.
A generic front projection in high dimension can have more complicated singularities than
Σ1,0 type. In a forthcoming paper with Eliashberg and Nadler [ENS], we will address these
more complicated singularities to complete the arborealization of skeleta for all Weinstein
manifolds. However, even dealing only with Σ1,0 tangential singularities, we can cover a
wide range of examples. In particular, this covers all 4-dimensional (n = 2) Weinstein
manifolds. In higher dimensions, deeper singularities can occur generically in front projec-
tions, though sometimes global Legendrian isotopies can eliminate them – see recent work
of A´lvarez-Gavela [AG] which provides an h-principle that under a homotopical condition
shows that a smooth Legendrian can be Legendrian isotoped so that its front projection
has only Σ1,0 singularities.
The structure of this paper is as follows. Section 2 gives the technical set-up and defi-
nitions, generalizations we require of definitions and lemmas from the literature, and the
key Weinstein homotopy lemma. The reader may prefer to skim this section and refer
back when necessary upon a first read through. The arborealization begins in section 3. It
begins by explains thickening of stable manifolds and defines the right language to discuss
the Lagrangian strata of the skeleton and the generic singularities which occur between
them as well as the notion of singularities of tangency in a skeleton. Then we prove in
Theorem 3.11 that a Weinstein skeleton which has no singularities of tangency in this sense
can be homotoped to have only arboreal singularities. In section 4 we address singularities
of tangency. This comes in two steps. The first localizes the Liouville flow to a neigh-
borhood of the tangential singularities in a controlled manner so that modifications of the
skeleton to eliminate singularities of tangency do not reverberate causing new non-arboreal
singularities in parts of the skeleton which were already made arboreal. The second step is
to modify this locally confined skeleton to eliminate the singularities of tangency. In this
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article, we provide this modification for the case of Σ1,0 singularities of tangency yielding
our strongest arborealization result in Theorem 4.2.
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2. Technical set-up
This section collects and adapts for the purposes of this article, definitions and lemmas on
Weinstein manifolds, Weinstein homotopies, and arboreal singularities. The eager reader
can skip to the main conceptual content starting section 3 and refer back for technical
results and definitions in this section as needed. First we review basic definitions for
Weinstein manifolds in section 2.1. An essential generalization of the usual Morse Weinstein
structures will allow Morse-Bott families with boundary, and we discuss this in detail in
subsection 2.2. We discuss front projections as Lagrangian/Legendrian foliations in section
2.3 and then review arboreal singularities and recast them in the Lagrangian setting in
section 2.4. The key to all of the Weinstein homotopies we will create is proved in section
2.5.
2.1. Liouville and Weinstein structures. We review here basic definitions of Wein-
stein manifolds. A more in depth discussion of Weinstein manifolds and their context in
symplectic geometry can be found in [EG91], [CE12], and [Eli17].
A Liouville manifold is an exact symplectic manifold (W,ω), with a Liouville vector field
V which is ω-dual to a primitive for ω, such that V is complete, and there is an exhaustion
by compact domains W = ∪kW k such that V is outwardly transverse to the boundary of
each W k.
Given a Liouville manifold, let φt : W → W denote the flow along V for time t. Then, one
can define its skeleton [CE12]:
Skel(W,ω, V ) = ∪∞k=1 ∩t>0 φ−t(W k)
which is independent of the exhaustion {W k}.
We will work with finite type Liouville manifolds: those whose skeleta are compact.
ARBOREAL SINGULARITIES IN WEINSTEIN SKELETA 5
A Weinstein manifold is a Liouville manifold (W,ω, V ) together with a generalized Morse
function φ such that V is gradient-like for φ (equivalently we say φ is a Lyapunov function
for V ). The strong version of this condition is defined to mean
dφ(V ) ≥ δ(|V |2 + |dφ|2)
for some δ : W → R>0, using some Riemannian metric on W to define the norm. The weak
version of the gradient-like/Lyapunov condition is that the zeros of V coincide with the
critical points of φ, and off of this set dφ(V ) > 0. The existence of a Lyapunov function
for a given vector field is equivalent to the existence of a weak Lyapunov function in the
complement of a neighborhood of the zero set of the vector field. Near the zeros, the
existence of a Lyapunov function puts constraints on the behavior of the flow.
At a zero p of a vector field V , the linearization DpV splits the tangent space into invariant
subspaces spanned by generalized eigenvectors corresponding to eigenvalues with positive,
negative, or zero real part:
TpW = E
+
p ⊕ E−p ⊕ E0p .
There are unique locally smooth V invariant manifolds whose tangent spaces at p are given
by E±p , called the stable and unstable manifolds.
For a Weinstein manifold where the function φ is Morse, the skeleton is the union of the
stable manifolds of the zeros of the Liouville vector field. Each such stable manifold is
isotropic. Generalizing this situation, we define an isotropically stratified skeleton of a
Liouville manifold, to be the skeleton of a Liouville manifold together with a stratifica-
tion such that each stratum is isotropically embedded in (W,ω). In the case of a Morse
Weinstein structure, the dimension of each stratum (stable manifold) is the index of the
corresponding critical point.
We will work with a mild generalization of Weinstein structures which does not require the
zeros of V (equivalently critical points of φ) to be isolated. We will require the zeros to be
a closed subset of W , and the Liouville condition will ensure that submanifold familes of
zeros will be isotropic (see section 2.2).
The notion of equivalence we will work with is Weinstein homotopy, meaning a 1-parameter
family of Weinstein structures, but again Weinstein structure will refer to our mild gener-
alization. In order to ensure that the topology and dynamics of the Liouville vector field
are not sent off the infinite end, we require the Weinstein homotopy to be a composition
of simple Weinstein homotopies (ωt, Vt, φt) which are each compatible with some compact
exhaustion {W k}∞k=1 in the sense that Vt is transverse and outward pointing along ∂Wk for
all k and all t parameters for the simple Weinstein homotopy.
2.2. Morse-Bott with boundary. In order to spread out the singularities of a skeleton
which can collect at subcritical points, we will utilize Weinstein structures with Morse-Bott
families of critical points, where we allow the families to have boundary but control the
behavior of V near this boundary. This submanifold Z with boundary where V vanishes
is necessarily isotropic by the Liouville condition.
For any vector field V , at a point r where Vr = 0, the differential of V drV splits TrW
as E+r ⊕ E−r ⊕ E0r where E+/−/0r is spanned by the generalized eigenvectors corresponding
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Figure 2. The behavior near submanifolds Z with boundary where the
Weinstein structure has zeros/critical points. Zeros are colored blue. Flow-
lines are indicated in an isotropic slice containing Z. The flow is outward
radial in undrawn transverse directions which pair symplectically with the
coordinates in this plane.
to eigenvalues with +/ − /0 real part. A zero of the vector field is called hyperbolic if
E0r = {0} (note this is a slight generalization of a non-degenerate zero which rules out
purely imaginary eigenvalues).
We will work with a slightly more general notion than the non-degeneracy or hyperbolic
condition on the zeros of a Liouville vector field in a “Weinstein manifold.” At points
p ∈ Z (including in ∂Z), since V vanishes along every point in Z, TpZ ⊂ E0p . For our
slightly generalized notion of Weinstein, we will require that TpZ = E
0
p for every p ∈ Z
(including p ∈ ∂Z), to replace the non-degenerate condition. We still have smooth stable
and unstable manifolds tangent to E−r and E
+
r respectively.
For q ∈ ∂Z, we additionally require that in the direction in TqZ which is outwardly normal
to the boundary, while the analytic germ at the point q cannot detect it, the vector field
is outward pointing, meaning there is a unique non-constant flow-line γ(t) of V such that
limt→−∞ γ(t) = q, and such that the closure of the image of γ is tangent at q to TqZ in an
outward normal direction to the boundary (see figure 2). We will call submanifolds with
boundary of zeros of a vector field this property boundary repellent.
Definition 2.1. A Weinstein structure (V, φ) on (W,ω) is Morse-Bott* if the zeros of V
come in connected components Zi which are submanifolds or submanifolds with boundary
in W such that for each z ∈ Z, TzZ = E0z and if ∂Zi 6= ∅ then Zi is boundary repellent.
We will always work in the class of Morse-Bott* Weinstein structures.
Let Z be a connected component of the subset of points where V = 0. Let
Stab(Z) = {w ∈ W | lim
t→∞
V t(w) ∈ Z}
be the union of the stable manifolds of all the zeros in Z.
We verify that all bones of a Weinstein manifold (in this Morse-Bott with boundary sense)
are isotropic submanifolds (possibly with boundary).
Proposition 2.2. Let V be a Morse-Bott* Liouville vector field and Z a connected com-
ponent of zeros of V . Then the stable manifold Stab(Z) is an isotropically embedded sub-
manifold (possibly with boundary) locally near Z.
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Proof. By the Morse-Bott* condition, E0z = TzZ. In particular, the eigenvalues of dzV
with vanishing real part are identically zero. Therefore, for z ∈ Z, the normal bundle
splits as ν+ ⊕ ν−, where the fiber of ν± is identified with E±z .
The stable manifold Stab(Z) is the image of an immersion of ν− by Proposition 3.2 of
[AB95]. There is a map pi : ∆→ Z defined by pi(w) = limt→∞ V t(w) which when restricted
to a neighborhood of Z is a fiber bundle with isotropic fibers, because the local stable
manifold of any (possibly degenerate) zero of a Liouville vector field is isotropic [CE12,
Proposition 11.9]. We can extend this to ensure that the union of all these isotropic fibers
is also an isotropic submanifold using local coordinates.
Z itself is also isotropic. Therefore, there is a symplectomorphism identifying a neighbor-
hood of Z with T ∗Z × SN(Z) where SN(Z) denotes the symplectic normal bundle of Z.
For notational simplicity, we assume SN(Z) is a trivial bundle, which will suffice for all
our applications. Thus we get local coordinates (~q, ~p, ~x, ~y) ∈ T ∗Z ×Ck on a neighborhood
of Z, with symplectic form d~q ∧ d~p+ d~x ∧ d~y. The Liouville vector field V vanishes along
Z = {~p = ~x = ~y = 0}. If in a coordinate chart of this neighborhood,
V =
∑
Fi(~q, ~p, ~x, ~y)∂pi +Gi(~q, ~p, ~x, ~y)∂qi +Hj(~q, ~p, ~x, ~y)∂xj + Jj(~q, ~p, ~x, ~y)∂yj
then the Liouville condition requires
∂Fi
∂pi
+
∂Gi
∂qi
= 1 for all i.
Since V vanishes identically along Z, Fi(~q, 0, 0, 0) = 0 and
∂Gi
∂qi
(~q, 0, 0, 0) = 0. It follows
that ∂Fi
∂pi
= 1 for all i so in a sufficiently small neighborhood of Z, ∂Fi
∂pi
> 0. Therefore, for
(~q, ~p, ~x, ~y) in a sufficiently small neighborhood of Z, with ~p 6= 0, if φt denotes the flow of V ,
then the ~p component of φt(~q, ~p, ~x, ~y) has larger magnitude than |~p|, so such a point cannot
be in the stable manifold of Z. Thus we conclude that near Z, ∆ ⊂ {(~q,~0, ~x, ~y)}. Therefore
T∆ ⊂ (TZ)⊥ω . In a locally trivial chart of the bundle pi : ∆→ Z the tangent space splits as
Tx∆ = Tpi(x)Z⊕Tx Stab(pi(x)). Since the fibers are isotropic and symplectically orthogonal
to the tangent space to Z, this implies ∆ is isotropic. 
2.3. Front projections and tangential singularities. The term “front projection” is
often used in contact topology to refer specifically to the projection of the 1-jet space
pi : J1(N) → N × R. In particular, when N = Rn, this gives the projection pi :
(R2n+1(xi,yi,z), ker(dz −
∑
yidxi)) → Rn+1(xi,z). A Legendrian in (R2n+1(xi,yi,z), ker(dz −
∑
yidxi)) can
be recovered from its front projection by the equations yi =
∂z
∂xi
. Observe that the fibers
of this projection pi−1(x1, · · · , xn, z) are Legendrian (the tangent space is the span of the
∂yi).
Another common “front projection” of a contact manifold is the projection of the unit
co-tangent bundle S∗M →M . Here, the fibers which are projected out are the co-tangent
spheres, which again are Legendrian submanifolds foliating the total space. The Legendrian
lift of a hypersurface representing a front projection in M is the co-normal lift.
It will be useful in this paper to use the term “front projection” to refer generally to the
quotient of a contact manifold by a Legendrian foliation, or similarly the quotient of a
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symplectic manifold by a Lagrangian foliation (e.g. T ∗M → M gives a fibration of T ∗M
by the Lagrangian co-tangent fibers). We will essentially always be using the co-tangent
front projections, but we will analyze these projections by analyzing the interactions of the
leaves of the foliation with Lagrangian and Legendrian submanifolds of interest.
A front projection of a Legendrian in the unit co-tangent bundle has tangential singularities,
whenever the front projection fails to be an immersion. After a generic perturbation, one
obtains an initial stratification of the Legendrian into submanifolds Σk such that the front
projection at a point p ∈ Σk drops rank by k where Σk has codimension k(k + 1)/2 in the
Legendrian. The Thom-Boardman stratification extends this more deeply, by inductively
defining Σk1,··· ,ki−1,ki to be the set of points p ∈ Σk1,··· ,ki−1 such that the restriction of the
front projection to Σk1,··· ,ki−1 drops rank by ki at p. For a generic Legendrian, each Σk1,··· ,ki is
a smooth submanifold of the Legendrian of a predicted co-dimension. In particular once we
fix the dimension of the Legendrian, there are a finite number of types (k1, · · · , ki, 0) such
that generically only Σk1,··· ,ki,0 singularities occur (others have too large codimension).
The simplest type of tangential singularities are the Σ1,0 singularities. In a generic front
projection of a smooth Legendrian K, the locus of Σ1 singularities has co-dimension 1 in
K. Suppose pi : (Y, ξ) → Z is a Legendrian front projection and K ⊂ (Y, ξ) a Legendrian.
Then near a point in the Σ1,0 locus, there are coordinates (x1, · · · , xn−2, xn−1) on K and
(y1, · · · , yn) on Z such that pi(x1, · · · , xn−2, xn−1) = (x1, · · · , xn−2, x2n−1, x3n−1). The image
looks like the product with Rn−2 of the semi-cubical cusp.
2.4. Arboreal singularities. To each tree (acyclic connected graph), Nadler [Nad17]
associates a topological stratified complex. If the tree has N vertices, then the highest
dimension of the strata is N − 1 and the complex can be built from N top dimensional
strata with boundary and corners, glued together in a manner determined by the edges
of the tree. Legendrian and Lagrangian models of this singularity are associated to the
tree together with a choice of root vertex. The root induces a partial ordering on the
vertices of the tree, and associates each vertex to a level given by its distance to the root.
The Lagrangian model associated to the rooted tree T with N vertices is the union of the
zero section in T ∗RN−1 with the positive co-normal to an arboreal hypersurface in RN−1
associated to the rooted forest (disjoint union of trees) obtained by deleting the root of T .
An arboreal hypersurface for a rooted forest F with vertices {vα}N−1α=1 is C0 close to the
following stratified subset of RN−1
HF = ∪N−1α=1 Pα where Pα = {(x1, · · · , xN−1) ∈ RN−1 | xα = 0, xβ ≥ 0 ∀vβ < vα}.
Each stratum Pα comes with a co-orientation by ∂xα . The arboreal hypersurface that
we actually use to take the co-normal of is the “smoothed arboreal hypersurface” which
modifies Pα near its boundary so that the tangent spaces and co-orientations of Pα and Pβ
agree along their intersection of Pα whenever vβ < vα. For the complete details of arboreal
hypersurfaces see Section 3 of [Nad17] or section 4.3 of [Nad].
For our global Weinstein set-up, we will require a signed version of Nadler’s arboreal
singularities/hypersurfaces. Therefore, we give a variation here on Nadler’s arboreal hy-
persurface construction [Nad, §3.2]. Let T be a rooted tree, such that all edges eαˆ,α which
are not adjacent to the root are decorated by a sign σαˆ,α ∈ {±1} (where eαˆ,α denotes an
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Figure 3. The thick red curve indicates the region where f(a, b) = 0.
edge from vαˆ to vα). As above, let F be the rooted forest induced by deleting the root of
T . Then the signed arboreal hypersurface associated to the signed rooted forest F is a C0
close smoothing of the union of the strata
Pα = {(x1, · · · , xN−1) ∈ RN−1 | xα = 0, σβ,β′xβ ≥ 0 ∀vβ < vα where eβ,β′ points towards vα}.
The smoothing is performed by first choosing a function f : R2 → R which is a submersion
and takes on positive, zero, and negative values as shown in figure 3.
Given a vertext vα, let vα0 be the root vertex in the forest connected to vα and let
vα0 , vα1 , · · · , vαk−1 , vαk = vα be a directed chain from vα0 to vα. Define
gαk = σαk−1,αkf(σαk−1,αkxαk−1 , σαk−1,αkxαk),
and via downward induction define
gαj = σαj−1,αjf(σαj−1,αjxj−1, σαj−1,αjgj+1).
Set Hα = {gα0 = 0} co-oriented by ∇gα0 . Then the smoothed arboreal hypersurface is the
union of the smoothed strata ⋃
vα∈F
Hα.
The arboreal hypersurfaces associated to signed rooted graphs with two or three vertices
are shown in figure 4 and 5.
A slight generalization of arboreal singularities allows for interactions between strata in-
volving some strata with boundary. These are defined as generalized arboreal singularities
in [Nad]. A leafy rooted forest is a rooted forest together F with a collection ` of marked
leaves–vertices which are maximal with respect to the partial order induced by the roots.
To a leafy forest (F , `), define another rooted forest F+ which adds another vertex above
each leaf in `. Then the generalized arboreal hypersurface associated to (F , `) is a hyper-
surface associated to F+ in R|F+| given by a similarly defined smoothing of
H(F ,`) =
⋃
vα∈F+\`
Pα
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+ -
Figure 4. Arboreal hypersurfaces associated with signed rooted graphs
with two vertices.
The first Lagrangian generalized arboreal singularity is the zero section plus the co-normal
to a hypersurface with boundary as shown in figure 6.
Arboreal hypersurfaces are defined up to an ambient isotopy of Rn, and any such ambient
isotopy extends to a symplectic isotopy of T ∗Rn taking co-normals to co-normals.
Remark 2.3. Because a Lagrangian arboreal singularity is defined as the union of the zero
section of T ∗Rn together with the positive co-normals to an arboreal hypersurface (which is
well defined up to ambient isotopy of Rn), a symplectic neighborhood of a given Lagrangian
arboreal singularity is determined up to symplectomorphism by the signed rooted tree.
We formulate here a characterization to check whether a given singular hypersurface in Rn
is an arboreal hypersurface, and similarly for a generalized arboreal hypersurface.
Proposition 2.4. A singular hypersurface H in Rn is a smoothed arboreal hypersurface
if and only if it can be written as the union of closed hypersurfaces with boundary and
corners (of any codimension) H1, · · · , Hj, such that each point in H is in the interior of a
unique Hi and the following properties hold.
(1) If p is a point in a codimension ki corner of Hi, then there exists a unique set
Hji0 , · · · , Hjiki−1 such that p is in a codimension r corner of Hjir for r = 0, · · · , ki−1.
Moreover, at p Hji0 , · · · , Hjiki−1 are tangent of order ki to Hi.
(2) If Ci is a codimension ki corner of Hji for i = 1, · · · , ` and the sets of Hjir from
condition 1 are disjoint for distinct Ci, then for each 2 ≤ m ≤ `, C1 ∩ · · · ∩ Cm−1
intersects Cm transversally in an n − k1 − · · · − km − m submanifold of Rn. In
particular the intersection is empty if n < k1 + · · ·+ km +m.
A singular hypersurface H in Rn is a generalized arboreal hypersurface if it meets condition
2, but we loosen condition 1 to the following:
(1’) If p is a point in a codimension ki corner of Hi, then there exists a unique set
Hji0 , · · · , Hjiki−1 such that p is in a codimension r corner of Hjir for r = 0, · · · , ki − 2.
Moreover, at p Hji0 , · · · , Hjiki−2 are tangent of order ki to Hi.
A similarly straightforward statement about arboreal hypersurfaces is the following.
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Figure 5. Arboreal hypersurfaces associated with signed rooted graphs
with three vertices.
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Figure 6. Lagrangian 2-dimensional generalized arboreal singularity.
Proposition 2.5. Suppose Hi ⊂ Rn are arboreal hypersurfaces for i = 1, · · · , k. Then there
exist perturbations φi : Rn → Rn arbitrarily close to the identity such that ∪ki=1φi(Hi) ⊂ Rn
is a hypersurface with only arboreal hypersurface singularities.
Remark 2.6. An arboreal hypersurface is the union of smooth (non-compact) hypersurfaces
(codimension one). In contrast, a generic front projection of a Legendrian is Whitney
stratified but need not be the union of smooth codimension one submanifolds.
2.4.1. Translating between arboreal Legendrians and Lagrangians. An arboreal Legendrian
submanifold of a contact manifold was defined in [Nad17] to be a singular Legendrian such
that near each singular point, there is a generic local front projection whose image is an
arboreal hypersurface. By definition, if an arboreal Legendrian of dimension n−1 lies in the
unit co-tangent bundle S∗M , the union of the zero section with the co-normal cone of the
Legendrian is an arboreal Lagrangian of dimension n (possibly after a generic Legendrian
perturbation). Conversely, the intersection of an arboreal skeleton of a Weinstein manifold
with a contact type hypersurface yields an arboreal Legendrian submanifold.
Another way to get from an arboreal Legendrian singularity in a contact manifold to
an arboreal Lagrangian singularity in a symplectic manifold is to take the Lagrangian
projection. Namely, in a neighborhood of the singular point where the Reeb flow acts
freely, mod out by the Reeb flow lines. The Legendrian condition implies that the image
of each stratum in the arboreal Legendrian is mapped by an exact Lagrangian embedding
into the Lagrangian projection.
2.5. Weinstein homotopies near an invariant isotropic. The primary mechanism to
manipulate a Weinstein structure via a homotopy is to focus on its behavior restricted to
an isotropic submanifold along which the Liouville vector field V is tangent. The details of
this are covered in [CE12, Chapter 12], and in this section we review the relevant results
from that chapter and adapt them to the following statement which we will use repeatedly
to manipulate the skeleton through Weinstein homotopies.
Proposition 2.7. Let ∆ be an isotropic submanifold (possibly with boundary) of (W,ω, V, φ)
such that V is tangent to ∆. Let (Yt, ψt) be a compactly supported 1-parameter family of
Lyapunov pairs on ∆ with (Y0, ψ0) = (V |∆, φ|∆). Suppose the eigenvalues of Y0 have real
part < 1 (true if ∆ is a stable manifold). Then there exists a homotopy of Weinstein
structures (W,ω, Vt, φt) such that
◦ (V0, φ0) = (V, φ)
ARBOREAL SINGULARITIES IN WEINSTEIN SKELETA 13
◦ (V1|∆, φ1|∆) = (λY1, ψ1) for some constant 0 < λ ≤ 1
◦ (Vt, φt) = (V, φ) outside a neighborhood U of ∆
◦ Vt is non-vanishing in U \∆.
◦ If ∆1, · · · ,∆m are other isotropic submanifolds (possibly with boundary) where V
is tangent to each ∆` and each ∆` intersects ∆ cleanly along a smooth submanifold
Σ` (possibly non-compact and/or with boundary) which is invariant under the flow
of Vt, then we can ensure that in smaller neighborhood U˜ ⊂ U of a compact C ⊂ ∆,
Vt is tangent to ∆` ∩ U˜ for all ` = 1, · · · ,m.
Proof. The core of this statement relies on [CE12, Lemma 12.8]. This lemma considers the
following construction on a neighborhood of the isotropic submanifold ∆. For simplicity
of notation, it is assumed that the symplectic normal bundle is trivial, which will suffice in
our applications. Therefore a neighborhood U of ∆ can be identified symplectically with
T ∗∆× C` with coordinates (pi, qi, xj, yj).
Under the clean intersection hypothesis, we can choose these coordinates (pi, qi, xj, yj) so
that ∆` ∩ U˜ is preserved by the negative flow of
∑
i pi∂pi +
1
2
∑
j xj∂xj + yj∂yj .
Given any vector field Y on ∆ we obtain a Liouville vector field on (U, ω)
Yˆ =
∑
i
pi∂pi +
1
2
∑
j
xj∂xj + yj∂yj −XH
whereXH is the Hamiltonian vector field associated with the functionH = 〈
∑
i pidqi, Y (q)〉.
The restriction of Yˆ to ∆ agrees with Y . Given a function ψ on ∆, we get an associated
function on U :
ψˆ = ψ(~q) + |~p|2 + |~x|2 + |~y|2.
Lemma 2.8. [CE12, Lemma 12.8] Suppose that all eigenvalues at zeros of Y have real part
< 1. Let K ⊂ ∆ be compact. Then the pair (Yˆ , ψˆ) has the following properties.
◦ The zeros of Yˆ coincide with the zeros of Y and have equidimensional null and
stable spaces.
◦ If ρ(q, p, x, y) = |~p|2 + |~x|2 + |~y|2, then there exists some ε > 0 such that Yˆ · ρ ≥ ερ.
◦ If Y is gradient-like for ψ then Yˆ is gradientlike for ψˆ near K.
◦ Suppose Y = X|∆ where X is a vector field defined on a neighborhood of ∆ which
is gradient-like for a function φ. Then under an identification of the neighborhood
of ∆ with T ∗∆ × C` which equates E+p (X) = T ∗p∆ × C` at each zero of Y , Yˆ is
gradient-like for φ.
We will use this lemma to obtain Weinstein structures (Yˆt, ψˆt) defined in a neighborhood
of ∆ which agree with (λ(t)Yt, ψt) on ∆ for some λ : [0, 1] → (0, 1]. The purpose of
the rescaling is to ensure the hypothesis that all eigenvalues at zeros of Y have real part
< 1. Let λ(t) = 1/f(t) where f(t) ≥ 1, f(t) is equal to 1 near 0, and f(t) ≥ the largest
eigenvalue of any zero of Yt. Set λ = λ(1).
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Now perform the construction above to construct for each t ∈ [0, 1], (Yˆt, ψˆt) from (λ(t)Yt, ψt)
(note that λ(t)Yt has the same zeros and flow-lines as Yt and λ(t)Yt is still gradient-like for
ψt). Observe that ψˆ has no critical points off of ∆ and correspondingly Yˆt is non-vanishing
off of ∆.
Next we need to splice the Weinstein structures (Yˆt, ψˆt) defined on the neighborhood of
∆ into (V, φ). This can be done using [CE12, Lemma 12.10] after verifying the necessary
hypotheses as follows. We have chosen our identification such that for each zero q0 of
Y , the (q0, p, x, y) fibers for a fixed q0 are identified with the unstable manifold of V at
(q0, 0, 0, 0). Therefore if ρ(q, p, x, y) = |p|2 + |x|2 + |y|2, there is a constant ε determined by
the minimal non-vanishing eigenvalue of V along its zero set, such that ερ ≤ V · ρ ≤ ε−1ρ
in a neighborhood U of ∆. Therefore by [CE12, Lemma 12.10] there exist Weinstein
structures (V˜t, φ˜t) on W which agree with (V, φ) outside the neighborhood U of ∆, with
(Yˆt, ψˆt) on a smaller neighborhood of ∆, and which have no critical points in U \∆.
Therefore, the Weinstein structures (V˜t, φ˜t) have the following desired properties
◦ (V˜1|∆, φ˜1|∆) = (λY1, ψ1) where 0 < λ = λ(1) ≤ 1
◦ (V˜t, φ˜t) = (V, φ) outside a neighborhood U of ∆
◦ Vt is non-vanishing in U \∆.
The only missing piece to conclude the proof, is that we need to pre-concatenate this family
with a homotopy of Weinstein structures from (V, φ) to (V˜0, φ˜0).
The construction of the Liouville vector field V˜t in Lemma 12.10 is obtained by observing
that V − Yˆt = XHt for some Hamiltonian functions, choosing a cut-off function f = f(ρ)
supported on U , and setting V˜t = V + XfHt . Because Yˆ0 is also gradient-like for φ, it is
verified in the proof of [CE12, Lemma 12.9] that the straight line homotopy between V
and V˜0 gives a homotopy of Liouville vector fields which are all gradient-like for φ. The
space of Lyapunov functions for a fixed vector field V˜0 is convex, so we can then use a
straight line homotopy between φ and φ˜0 to get a Weinstein homotopy from (V˜0, φ) to
(V˜0, φ˜0). Pre-concatentating these two straight line homotopies with (V˜t, φ˜t) completes the
proof. 
3. Lagrangian bones, joints, and Weinstein arboreal singularities
3.1. Bones and thickening.
Definition 3.1. If Z is a connected component of zeros of a Morse-Bott* Liouville vector
field V and Stab(Z) is a Lagrangian submanifold, we say that ∆ = Stab(Z) is a bone of
the skeleton. The corresponding zero set Z ⊂ Stab(Z) is the marrow of the bone ∆.
Note that a bone has boundary if and only if its marrow Z does, and it is non-compact
(but has compact closure in W ) if Stab(Z) \ Z is non-empty.
Definition 3.2. The points in a bone in its boundary ∂(Stab(Z)) = Stab(∂Z) will be
called the exterior boundary of the bone Stab(Z).
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Definition 3.3. The index of a bone is the dimension of the stable manifold of a single
point in the marrow (which is independent of the point).
In a Lagrangian bone of index k whose marrow is a disk Dn−k, the complement of the
marrow ∆ \ Z will be diffeomorphic to Sk−1 ×Dn−k+1.
Next we prove that every stable manifold of a component of zeros which is isotropic of
dimension < n can be thickened to a Lagrangian bone. Moreover, we have some control
over how to perform this thickening which we will utilize in section 4.
Proposition 3.4. Let Z0 be a d-dimensional connected component of index k zeros of a Li-
ouville vector field V0 with stable manifold StabV0(Z0), and unstable manifold UnstabV0(Z0)
with trivial normal bundle in the Weinstein manifold (W 2n, ω0, V0, φ0). Using any choice
of
◦ A submanifold Z1 which is the image of an n− k dimensional isotropic embedding
of Z0 × Dn−k−d into UnstabV0(Z0) such that Z0 × {0} is identified with Z0 and
TZ1 ∩ (T UnstabV0(Z0))⊥ω0 = 0, and
◦ Lagrangian foliation F of UnstabV0(Z0) in a neighborhood of Z1 such that there is
a unique point of Z1 in each leaf,
then there exist a Weinstein homotopy of (W,ω0, V0, φ0) to (W,ω1, V1, φ1) such that V1 has
index k zeros along Z1, StabV1(Z1) is a Lagrangian bone, and the unstable manifolds of the
points of Z1 agree with the leaves of the foliation F in a neighborhood of Z1.
Corollary 3.5. Every Weinstein manifold is Weinstein homotopic to one whose skeleton
is the union of Lagrangian bones.
Proof. We will line up the specified submanifolds and foliation with a model on T ∗Z0×Cn−d,
by choosing appropriate coordinates on a neighborhood U of Z1.
First, we consider the submanifold Unstab(Z0) in the neighborhood U . This is a co-
isotropic submanifold of dimension 2n − k, so there is a k-dimensional isotropic sub-
bundle (T Unstab(Z0))
⊥ω0 ⊂ T Unstab(Z0). Choose coordinates x1, · · · , xk, y1, · · · , yk on
U such that Unstab(Z0) = {x1 = · · · = xk = 0}, (T Unstab(Z0))⊥ω0 is spanned by
(∂y1 , · · · , ∂yk), Z1 ⊂ {y1 = · · · = yk = 0} (which can be arranged by the assumption
TZ1 ∩ (T UnstabV0(Z0))⊥ω0 = 0). Observe that {x1 = · · · = xk = y1 = · · · = yk} is a
symplectic 2(n−k) dimensional sub-manifold (it is isomorphic to the symplectic reduction
of UnstabV0(Z0) ∩ U), so we can arrange this choice of coordinates symplectically so that
on U ,
ω0 =
k∑
i=1
dxi ∧ dyi + ωM
where ωM = i
∗
Mω0.
The leaves of the Lagrangian foliation F on the co-isotropic submanifold UnstabV0(Z0)
necessarily satisfy
span(∂y1 , · · · , ∂yk) = (T UnstabV0(Z0))⊥ω0 ⊂ T F z .
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Therefore, F ∩M gives a Lagrangian foliation of M such that each leaf contains a unique
point of Z1. Since Z1 is an isotropic (n−k) dimensional submanifold of M , it is Lagrangian
and has a standard neighborhood modeled on its co-tangent bundle, and we can identify
the co-tangent fibers with the Lagrangian foliation F ∩M . We can choose the coordinates
qj, pj for this identification so that Z1 = {p1 = · · · = pn−k = 0}, Z0 = {qd+1 = · · · = qn−k =
p1 = · · · = pn−k = 0}, and the leaves of F ∩M are {q1 = q01, · · · , qn−k = q0n−k}.
Then the result follows from the following lemma. 
Lemma 3.6. There exists a Weinstein homotopy from the standard radial Weinstein struc-
ture on (Cn,
∑
i dpi∧dqi) with a unique index zero critical point at the origin, to a Weinstein
structure (V1, φ1) such that
◦ The vanishing set Z of V1 is a Lagrangian disk in the zero section,
◦ (V1, φ1) agrees with the canonical co-tangent Liouville vector field on T ∗Rn in a
neighborhood of Z,
◦ (V1, φ1) agrees with the standard radial structure outside a larger neighborhood U
of Z, and
◦ Skel(Cn, ωstd, V1, φ1) = Z.
Proof. Let f(|q|2) be a monotonically decreasing cut-off function which is 1 when |q|2 ≤ δ
and vanishes for |q|2 ≥ 2δ. Consider the family of functions ψt = (1− tf(|q|2))|q|2 on the
isotropic (q1, · · · , qn) plane. The gradient using the standard metric (rescaled by a factor
of 1
4
) gives the following family of vector fields on the (q1, · · · , qn) plane
Yt =
1
2
(
1− tf(|q|2)− tf ′(|q|2)|q|2)∑
i
qi∂qi .
Observe that Yt(~q, ~p) = 0 if and only if ~q = 0 or t = f(|q|2) = 1. Additionally, Y0 =
1
2
∑
qi∂qi is the restriction of the standard radial Liouville vector field
1
2
∑
pi∂pi + qi∂qi to
the (q1, · · · , qn) plane. Also, ψ0 = |q|2 is the restriction of the radial function |p|2 + |q|2
to the (q1, · · · , qn) plane. Note that the eigenvalues of this vector field at the origin are
1
2
< 1. Apply Proposition 2.7 to this family to get the desired result.

3.2. Holonomy and notions of genericity. Because we need each stable manifold com-
ponent to be Lagrangian in order to have the strata of the skeleton determine its Weinstein
neighborhood, we have to work with non-generic Weinstein structures (V, φ). However, we
would like to be able to perturb this structure within the class of Weinstein structures with
Lagrangian bones. The obvious perturbations which preserve the Morse-Bott* families of
zeros are perturbations of (V, φ) supported away from the zero set of V .
In a subdomain U of a Weinstein manifold (W,ω, V, φ) where V is non-vanishing, the flow
of V determines a symplectic cobordism structure on U from the part of ∂U where V points
inward, ∂−U , to the part of ∂U where V points outward, ∂+U . V determines a contact
structure, ξ−, on ∂−U and another, ξ+, on ∂+U and the flow of V gives a contactomorphism
Γ : (∂+U, ξ+)→ (∂−, ξ−) called the holonomy.
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By [CE12, Lemma 12.5] the holonomy of a Weinstein cobordism can be modified by any
contact isotopy by a homotopy of Liouville vector fields which remain gradient-like for
the fixed Weinstein function. We will call such Weinstein homotopies holonomy homo-
topies.
In particular, any isotopy of contact isotropic submanifolds can be realized by an ambient
contact isotopy, which can then be incorporated into the holonomy. The notion of genericity
which we will regularly employ is stability of the skeleton under small contact perturbations
of the holonomy in domains where the Liouville vector field is non-vanishing.
3.3. Neighborhoods and intersections of Lagrangian bones. Because the stable
manifolds of distinct zeros are disjoint, two bones ∆i and ∆j are also disjoint. However,
their closures ∆i and ∆j may intersect non-trivially.
Each bone ∆ is a Lagrangian submanifold, possibly with boundary. Therefore it has a
unique symplectic neighborhood modeled on its co-tangent bundle. The model for the
Liouville vector field depends on the marrow and index of the bone. The marrow Z of an
index k Lagrangian bone is n−k dimensional so that the union of the k-dimensional stable
manifolds of each of the points in the zero set is n dimensional (Lagrangian). The bone
∆ splits as Z ×Rk with local coordinates qi on Z and xi on Rk. The neighborhood of the
bone splits as T ∗Z × (R2)k with local coordinates (pj, qj) on T ∗Z and coordinates (xi, yi)
on (R2)k such that the Liouville vector field vanishes along Z = {xi = yi = pj = 0}, the
stable manifold of Z is ∆ = {yi = pj = 0}, and the unstable manifold of Z is {xi = 0}. The
unstable manifold of each zero in the marrow of ∆ is n-dimensional (spanned by the ∂pi and
∂yi directions), and the union of all of these unstable manifolds is 2n−k dimensional.
Another bone, ∆2 may enter the neighborhood N of the marrow of a bone ∆1 as a V -
invariant submanifold. A neighborhood of the marrow of ∆1 will intersect ∆2 precisely
when precisely when there is a Liouville flow line from the marrow of ∆1 to the marrow
of ∆2, or equivalently when the stable manifold of Z2 intersects the unstable manifold of
Z1.
Definition 3.7. We say ∆2 has a joint H on ∆1 if H = ∆2 ∩∆1, H ⊂ ∆1.
In this case, the V -invariant bone ∆2 intersects ∂N in the region where V is outwardly
transverse so ∂N has positive contact type. This intersection L = ∆2 ∩ ∂N gives a
Legendrian since ∆2 is V -invariant.
Proposition 3.8. A Weinstein manifold whose skeleton has Lagrangian bones is holonomy
homotopic to a Weinstein manifold such that any joint H of one bone ∆2 on another bone
∆1 is disjoint from the exterior boundary of ∆1.
Proof. Let Z1 denote the marrow of ∆1. The unstable manifold of ∂Z1 intersects the
boundary ∂N of a small neighborhood N of Z1 in the positive contact part of ∂N .
Unstab(∂Z1) ⊂ ∂N is a small open neighborhood of a contact isotropic embedding of
∂Z1 (see figure 7).
Within the positive contact portion of ∂N we may perform a contact isotopy, and incor-
porate this into the holonomy by a Weinstein homotopy supported near ∂N . This allows
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Figure 7. The unstable manifold of ∂Z1 intersects the boundary of a neigh-
borhood as Z1×Dn where the core Z1×{0} is contact isotropically embedded
in ∂N .
us to perform a Legendrian isotopy of L = ∆2∩∂N so that it is disjoint from the unstable
manifold of points in the exterior boundary ∂Z1 which is a small neighborhood of a contact
isotropic submanifold in ∂N . 
Remark 3.9. This Proposition will often be applied without mention as we perform Wein-
stein homotopies modifying the skeleton. Particularly each time thickening is performed
by applying Proposition 3.4, it may be necessary to subsequently use Proposition 3.8 to
push the joints away from the exterior boundary of the newly thickened bones.
The same type of holonomy homotopies allows us to perform small perturbations of the
Legendrian to ensure various genericity assumptions. For example, by a contact isotopy
perturbation, we may assume that ∆2 intersects U
2n−k := Unstab(Z1) transversally in N .
Let K = ∆2 ∩ U2n−k ∩ ∂N . Then dim(K) = n − k − 1 and K is an isotropic submanifold
the positive contact portion of ∂N . While U2n−k itself is co-isotropic, the slice where all
yi = 0 (in the coordinates above) is a copy of T
∗Z1 (and is equivalent to the symplectic
reduction of U2n−k). We can ensure our coordinates are chosen so that K is contained
in this slice, since the transverse ∂xi directions will be tangent to ∆2 near ∆1 since these
stable flow lines in ∆1 glue to those in Stab(Z2) ∩ Unstab(Z1) to give unbroken flowlines
in Stab(Z2).
Therefore viewing K in the sphere cotangent bundle S∗Z1, the map which takes a point
k ∈ K in the unstable manifold of the point z ∈ Z1 to z is a front projection. Such a
front projection of a Legendrian is generically an embedding away from a set of positive
co-dimension in K. The image of the front projection is a hypersurface Jn−k−1 in Z1
(which can be singular when the projection fails to be an embedding). Because ∆2 ∩ N
is n-dimensional and is invariant under backwards Liouville flow, and ∆2 ∩ Z1 = Jn−k−1,
we must have ∆2 ∩ ∆1 = Stab(Jn−k−1) (the union of the k-dimensional stable manifolds
of each of the points in J). The joint Hn−1 = Stab(Jn−k−1) = ∆2 ∩ ∆1 is therefore a
hypersurface of ∆1 diffeomorphic to J
n−k−1 × Rk. The unique V -invariant Lagrangian in
N with boundary on Hn−1 is described in terms of the splitting N = T ∗Z1 × (R2)k as the
positive co-normal to Jn−k−1 in the T ∗Z1 factor times the stable Rk = {yi = 0} in the (R2)k
factor. In particular, ∆2 ∩ N lies in the slice where {yi = 0}, and is determined by the
contact isotropic manifold Kn−k−1 ⊂ ∂N or equivalently its front projection to Zn−k1 .
We note and summarize a few immediate properties of joints between generic bones.
Lemma 3.10 (Properties of joints). (1) If ∆2 has a non-empty joint on ∆1, the index
of ∆1 must be strictly less than n.
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(2) If ∆2 has a non-empty joint on ∆1 then ∆1 cannot have a non-empty joint on ∆2.
(3) If ∆3 has a non-empty joint on ∆2, and ∆2 has index k > 0, then there exists a
bone ∆1 such that both ∆2 and ∆3 have a non-empty joint on ∆1.
(4) For any bone ∆1 and compact subset C ⊂ ∆1, there is a neighborhood U of C and co-
ordinates (q, p) on U identifying it with a subset of T ∗∆ such that Skel(W,ω, V, φ)∩
U is the union of the zero section with the co-oriented co-normal of the joints H∩C
on ∆1.
Note that property 4 implies that every joint in a skeleton comes with a canonical co-
orientation.
Proof. Statement 1 follows because Kn−k−1 can only be the empty set if k = n.
Statement 2 follows from the Weinstein condition. If ∆2 has a non-empty joint on ∆1,
then the value of the Weinstein function φ on the marrow of ∆2, φ(Z2) must be strictly
greater than φ(Z1).
For statement 3, the fact that ∆3 has a non-empty joint on ∆2 implies that there is a point
z in the marrow of ∆2 whose unstable manifold intersects the stable manifold of ∆3. Since
the index of ∆2 is greater than zero, the stable manifold of z contains some point p 6= z.
p must be in the unstable manifold of some zero in the Weinstein manifold, which lies in
the marrow of some bone ∆1. Then there is a broken flow-line from ∆1 through ∆2 to ∆3,
which by gluing has a nearby unbroken flowline from ∆1 to ∆3.
Statement 4 is equivalent to the statement above that a bone near its joint H = J × Rk
arises as the co-normal of J times Rk(x1,··· ,xk) in T
∗Z1 × (R2)k, which is the same as the
co-normal to H in T ∗(Z1 × Rk). 
3.4. Classification of generic non-tangential singularities of skeleta. We have seen
that we can arrange that every two bones ∆1 and ∆2 meet (at most) along a joint H which
is a hypersurface on the interior of one of the bones, (say ∆1) such that the other bone
∆2 emanates as a co-normal Lagrangian in a neighborhood of the intersection. On the
boundary of the neighborhood N of ∆1, the other bone ∆2 intersects ∂N as a Legendrian L.
The joint H where ∆1 and ∆2 come together can be understood as the front projection of L
to ∆1. More specifically, we have a front projection to Z1 of the intersection of Kn−k−1 =
(L∩Unstab(Z1)) ⊂ S∗Z1, and then L ∼= K×Rk. Typically, the front projection of a
Legendrian K in S∗Z1 has singularities of tangency where tangent bundle T K nontrivially
intersects the tangent spaces to the sphere fiber leaves of the Legendrian foliation of S∗Z1.
These tangencies are places where the front projection fails to be an immersion, so the
image hypersurface can develop singularities. We will address these singularities in section
4. For now, we show that these singularities of tangency are the only singularities we need
to eliminate.
Theorem 3.11. Let (W,ω, V, φ) be a Weinstein manifold whose skeleton has Lagrangian
bones with joints disjoint from the exterior boundaries. Assume that for any pair of La-
grangian bones with non-empty joint, that the front projections of one bone onto another
has no singularities of tangency. Then, after a generic holonomy perturbation, the skeleton
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has finitely many singularity types classified combinatorially by signed rooted trees with at
most n vertices corresponding to Nadler’s arboreal singularities or by signed rooted trees
with at most n vertices with additional marked leaves corresponding to Nadler’s generalized
arboreal singularities.
Proof. Any point s in the skeleton lies on the interior of a unique bone ∆1 and if it is
a singular point it lies on the joints of a collection of bones ∆2, · · · ,∆m with ∆1. Let
H2, · · · , Hm ⊂ ∆1 be the joints corresponding to ∆2, · · ·∆m. Then in a neighborhood N of
∆1, ∆j is the positive co-normal to Hj. It suffices to show that after a generic perturbation
of holonomy in a neighborhood of the point s ∈ ∆1, the hypersurface H2 ∪ · · · ∪ Hm is
arboreal.
The arboreal type of the singularity is classified by a signed rooted tree with m vertices,
possibly with additional marked leaves. To determine this tree, we proceed by induction
on m.
If m = 1, then either s is in the interior of ∆1 and thus is a smooth point of the skeleton
or on the exterior boundary of ∆1 and thus is a smooth boundary point of the skeleton.
If it is on the interior, we associate the tree with a unique vertex (where the root is the
unique vertex): •. If s is on the exterior boundary of ∆1 then we associate the tree with
a unique vertex (being the root), and append a leaf to this vertex: •l.
Now suppose m > 1, and label by ∆1 the unique open bone containing s. Then s is in
the intersection of the joints H2, · · · , Hm of ∆j with ∆1 for j = 2, · · · ,m. By assumption
since the Hj are disjoint from the exterior boundary of ∆1, s is in the interior of ∆1. If
∆1 has index k, then the joints Hj have the form Jj × Rk where Jj = Hj ∩ Z1. By the
product symmetry, it suffices to assume that s ∈ Z1. Let N be the standard neighborhood
of Z1. Then (∆2 ∪ · · · ∪ ∆m) ∩ ∂+N gives a (possibly singular, possibly disconnected)
Legendrian whose front projection on ∆1 is H2 ∪ · · · ∪Hm. The pre-image of s under this
front projection is a set of ` ≤ m−1 distinct points t1, · · · , t` corresponding to the ` ≤ m−1
distinct positive co-normal directions to the co-oriented hypersurfaces H2, · · ·Hm.
Now consider the skeleton in a neighborhood of one of these lifts tr. There is a subset
of bones {∆jr1 , · · · ,∆jrmr} ⊂ {∆2, · · · ,∆m} containing tr in their closure. This is because
any bone which contains tr in its closure must contain the closure of the flow-line of V
through tr and thus must contain s. Therefore mr < m, so by the inductive hypothesis,
the skeleton has a (generalized) arboreal singularity at tr represented by a rooted (leafy)
tree Tr.
Now we claim that after a contact perturbation of the Liouville vector field supported in a
neighborhood of ∆1, the singularity at p is arboreally indexed by the signed, leafy rooted
tree obtained from the disjoint union T1, · · · , T` of the trees associated to t1, · · · , t`, such
that the root of each of T1, · · · , T` is joined by an edge to a new root:
T1 T2 · · · Tr
•
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The inductive hypothesis does not label the edges adjacent to the roots of the Ti by signs.
Instead, we determine these signs from the relevant co-oriented hypersurfaces in ∆1. Each
such edge corresponds to two bones ∆j and ∆j′ whose joints on ∆1 are as follows. The
joint Hj of ∆j with ∆1 is a smooth co-oriented hypersurface near s. The closure of the
joint Hj′ of ∆j′ on ∆1 is a hypersurface with boundary, such that near s, Hj ∩Hj′ = ∂Hj′
and Tp(Hj) = Tp(Hj′) for p ∈ ∂Hj′ . The hypersurface Hj ⊂ ∆1 is locally separating and
co-oriented. If Hj′ lies on the side of Hj compatible with the co-orientation, let σj,j′ = +1.
If Hj′ lies on the opposite side of Hj than indicated by the co-orientation, let σj,j′ = −1.
The models for these hypersurfaces are products with RM of the models in figure 4.
Let N be a small neighborhood of ∆1, and let Kr denote the local Legendrian near tr in
∂N ∩Skel(W,ω, V, φ). Because V is non-vanishing and outward pointing to ∂N along Kr,
the skeleton near tr is modeled locally by Kr×R in the symplectization ∂N ×R. Since the
skeleton is arboreal near tr, and ∂N intersects each stratum of the skeleton transversally
near tr, the Legendrian Kr must also have only arboreal singularities. In other words, the
Lagrangian projection of Kr obtained by locally modding out by the Reeb flow has only
arboreal singularities, and a generic front projection of Kr to Hjr1 ∪· · ·∪Hjrmr is an arboreal
hypersurface. We can ensure that the joints Hjr1 ∪· · ·∪Hjrmr are a sufficiently generic front
projection by a holonomy homotopy supported near ti.
We may also perform holonomy homotopies supported near the points t1, · · · , t`, to inde-
pendently isotope the contact neighborhoods of t1, · · · , t` so that the strata of the arboreal
hypersurfaces in the Tr projection generically intersect the strata of the arboreal hypersur-
faces in the Tr′ projection. Since the union of generically intersecting arboreal hypersurfaces
is an arboreal hypersurface, s is an arboreal singularity of the skeleton. 
3.5. Arboreal singularities as skeleta. Conversely, we can give a model showing that
any arboreal singularity associated to a signed rooted tree arises in a Weinstein skeleton.
Each vertex of T corresponds to a distinct Lagrangian bone. The root corresponds to the
bone which contains the point on its interior. If the root bone has index k, then a vertex
at height ` (distance ` from the root) corresponds to an index k + ` bone. If two vertices
are connected by a path of positively oriented edges then the corresponding bones intersect
along a non-empty joint. Here we construct model Weinstein structures exhibiting each
arboreal singularity.
Theorem 3.12. Let T be a signed rooted tree with n+1 vertices. There exists a Weinstein
structure on (Cn+1, ωstd), (V, φ) whose skeleton consists of n+ 1 Lagrangian bones meeting
at an arboreal T singularity.
In general, given a rooted tree T with n vertices, a 2m dimensional model for a type T
arboreal skeleton where n ≤ m will be given by taking the product of the 2n dimensional
model with m−n copies of C with the standard T ∗RMorse-Bott Weinstein structure.
Proof. Let X± be a Liouville vector field on R2 which is gradient-like for a function f±,
such that X± has a cancelling pair of critical points (0,±2) of index 0 and (0,±1) of
index 1 connected by a flow line γ(t) = (0,±(2− t)), and such that (X±, f±) agrees with
(1
2
x∂x+
1
2
y∂y, x
2+y2) outside a neighborhood of γ (see figure 8). We may arrange that the ∂x
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Figure 8. Left: flow of X+. Right: flow of X+ spliced with flow of Y .
(Reflect over the x-axis for the − versions.)
direction is in the unstable manifold of both critical points, and that εx2 ≤ xdx(X±) ≤ 1
ε
x2
in a neighborhood of γ.
Let (Y, g) denote the canonical Weinstein structure on R2 viewed as T ∗R: Y = y∂y,
g(x, y) = y2.
Let T ′ be signed the rooted forest obtained by deleting the root vertex of T . Label
the vertices of T ′ v1, · · · , vn. For i = 1, · · · , n, define the Weinstein structure Wi =
((R2)n,
∑
i dxi ∧ dyi,Vi, φi) by setting
(Vi,Φi) = (V1, φ1)× · · · (Vn, φn)
where
(Vj, φj) =
{
(Xσjˆ,j , fσjˆ,j) if vj ≤ vi
(Y, g) otherwise.
Let (V0, φ0) = (
∑
i yi∂yi ,
∑
i y
2
i ) be the standard cotangent Liouville structure, which we
will associate to the root vertex v0 of T .
Let
Li = {(x1, y1, · · · , xn, yn) |
{
xj = 0,
1
2
≤ σjˆ,jyj ≤ 2 if vj ≤ vi
yj = 0 otherwise
}
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and L0 = {(x1, y1, · · · , xn, yn) | yj = 0 ∀j}.Then Li is a Lagrangian contained in the
skeleton of Wi.
Near each Li we can splice in the Weinstein structuresWi into the standard radial Weinstein
structure on R2n = T ∗Rn, (Vrad =
∑
i
1
2
xi∂xi +
1
2
yi∂yi , φrad =
∑
i x
2
i + y
2
i ).
Let Ui be a small regular neighborhood of L˜i where
L˜i = {(x1, y1, · · · , xn, yn) |
{
xj = 0,
3
4
≤ yj ≤ 2 if vj ≤ vi
yj = 0 otherwise
}
and let U0 be a small regular neighborhood of L0 = L˜0. Then for i 6= j, by choosing Ui
sufficiently small, we may assume Ui ∩ Uj = ∅. Then using these neighborhoods we can
splice in the Weinstein structure Wi into a neighborhood of L˜i contained in Ui, such that
there are no critical points in Ui \ Li. This splicing is achieved by [CE12, Lemma 12.10],
because this set-up satisfies the hypotheses of that lemma, namely that Vrad and Vi are
both tangent to Li and we have estimates
ερi ≤ Vrad · ρi,Vi · ρi ≤ ε−1ρi.
where ρi : R2n → R are the functions
ρi(x1, y1, · · · , xn, yn) =
∑
vj≤vi
x2j +
∑
vjvi
y2j
and ρ0 =
∑
i y
2
i .
After splicing each Wi in, we have a Weinstein structure WT which agrees with Wi in a
neighborhood of each L˜i, and whose critical points are all contained in Li. Therefore the
skeleton consists of the union of the stable manifolds of the zeros of Wi for i = 0, · · · , n.
Now we verify that after a holonomy perturbation, the resulting spliced Weinstein structure
WT has an arboreal T singularity. Suppose vk < v` and vk and v` are connected by an
edge. Then (Vk,Φk) and (V`,Φ`) differ only in the (x`, y`) coordinates. In the (x`, y`)
coordinate plane, the two spliced pieces meet in an arboreal A2 singularity as in figure 8.
Let vβ1 , · · · , vβk be the vertices such that vα < vβi and vα and vβi are connected by an edge.
We inductively assume that the skeleton of the Weinstein structure WTβi built as above
for the rooted subtree Tβi = {vγ | vβi ≤ vγ} has an arboreal Tβi singularity. Let Tα be the
rooted subtree of vertices {vβ | vα ≤ vβ}, and WTα the associated Weinstein structure on
R2n. Then the subset of the skeleton such that (xβi , yβi) = (0, 1) is a stabilization of an
arboreal Tβi singularity in R2(n−1), Skβi . The skeleton of WTα in R2(n+1) is
{(x1, y1, · · · , xn, yn) | yj = 0, ∀1 ≤ j ≤ n}∪
k⋃
i=1
{(x1, y1, · · · , xn, yn) | (x1, y1, · · · x̂βi , ŷβi , · · · , xn, yn) ∈ Skβi , (xβi , yβi) ∈ (0, t) 0 ≤ σβˆi,βit ≤ 2}
In a neighborhood of the zero section {yj = 0,∀1 ≤ j ≤ n}, the Weinstein structure WTα
agrees with the canonical co-tangent Liouville vector field, and the skeleton is conical with
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respect to this structure. However, because the conical piece meets the zero section com-
pletely inside the hypersurface xβi = 0, the conical projection is typically degenerate and
non-generic. In a neighborhood of the zero section, we may use a generic contact isotopy
to modify the holonomy so that the limiting hypersurface has only generic singularities.
Let Hβi be the correspondingn limiting hypersurface. Then the unit co-normal lift of Hβi
is Legendrian isotopic to a singular Legendrian with an arboreal Tβi singularity. Therefore
Hβi is an arboreal hypersurface associated to Tβi . The same is true for each βi, and the
modification of the holonomy can be found to be generic for all βi simultaneously (by
definition of genericity). Therefore near the zero section, the skeleton of WTα is the union
of the zero section and the co-normals to the union of the arboreal hypersurfaces Hβi as
required. Inducting down the levels of the tree towards the root completes the proof. 
4. Singularities of tangency
Each bone ∆ contains a singular hypersurface worth of joints, such that given a neigh-
borhood of ∆ in W , the joints are the front projections of (singular) Legendrians in the
positive contact type part of the boundary of the neighborhood. The front projection
itself is specified by a Legendrian foliation of this contact boundary of the neighborhood,
or equivalently a Lagrangian foliation of the neighborhood itself (defined away from the
boundary and non-compact ends of ∆).
A front projection of a Legendrian in the unit co-tangent bundle may develop singularities,
whenever the front projection fails to be an immersion. Equivalently, this occurs when the
tangent space to the Legendrian nontrivially intersects the tangent space to a leaf of the
foliation by cotangent spheres. The singularities that develop in the skeleton along a joint
at a tangential singularity, fall outside the range of arboreal singularities and in sufficiently
high dimensions realize infinitely many different singularity types. Therefore we would like
to eliminate these tangential singularities from occurring in our skeleton.
The Weinstein function φ takes a constant value φ(Z) on the marrow Z of a bone ∆,
which we will call the φ-value of ∆. We will address singularities of tangency of such
front projections one bone at a time, starting with the joints lying in the highest φ valued
bones, and ending with the joints lying in the lowest φ valued bones. If two bones have the
same value φ(Z) we can deal with them in either order independently, or we can assume
by genericity that each bone has a distinct value of φ(Z). Because the non-empty joints
in the highest φ-valued bones are necessarily the front projections of smooth Legendrians
(possibly with boundary), performing the arborealization from the top to the bottom allows
us to assume that the singularities of the Legendrian we are front projecting are arboreal.
(To check that a Legendrian has arboreal singularities using the Lagrangian definitions of
arboreal singularities, verify that the Lagrangian projection obtained by locally quotienting
by the Reeb flow has only arboreal singularities.)
Arborealizing singularities of tangency in the joints comes in two parts. As we go through
the arborealizing procedure, we will take care not to introduce new singularities of tangency
in higher φ-valued bones, so the process terminates when we get to the lowest φ-valued
bone. To accomplish this, in the first part, we localize the flow around the singularities of
tangency occurring at the joints on ∆. The localization stage will increase the number of
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bones, by breaking up the existing bones into multiple bones. At first the skeleton will stay
set-wise constant, but the stratification will change. Then, to keep all bones Lagrangian so
that after a generic perturbation the only non-arboreal singularities come from singularities
of tangency, the skeleton will grow some fins.
In the second part, we will remove the simplest type of singularities of tangency in these
confined regions by breaking up the Lagrangian bones into more pieces which meet arbore-
ally. The key idea is to allow the tangent bundle to the Legendrian to have discontinuities
at arboreal singularities to skip tangencies to the foliation.
4.1. Localizing tangential singularities. Here we give the procedure to localize the
Liouville flow into a neighborhood of a joint. As mentioned above, we perform this pro-
cedure as well as the procedure to eliminate Σ1,0 singularities of tangency one bone at a
time, starting with joints lying in the highest φ valued bones and ending with joints lying
in the lowest φ valued bones. Fixing a bone ∆ containing a non-empty joint, we modify
the Weinstein structure on a neighborhood of ∆ first using the following proposition.
Proposition 4.1. Let ∆n be an index k Lagrangian bone with marrow Zn−k for (W,ω0, V0, φ0).
Then there exist closed neighborhoods ν c ν0 c ν1 c ν˜ ⊃ Z so that the only zeros of V0 in
ν are in Z and a Weinstein homotopic structure (ω1, V1, φ1) on W such that
◦ Skel(W,ω1, V1, φ1) ∩ ν0 is invariant under the positive flow of V1,
◦ Unstab(Z)∩Skel(W,ω0, V0, φ0)∩∂ν1 is invariant under the positive flow of V1 and
attracts under this positive flow Skel(W,ω1, V1, φ1) ∩ ν0 \ (∂ν0 ∪∆),
◦ Skel(W,ω1, V1, φ1) agrees with Skel(W,ω, V, φ) outside of ν and inside of ν˜,
◦ Skel(W,ω1, V1, φ1) and Skel(W,ω, V, φ) are ambiently isotopic and thus have the
same singularities.
Proof. Choosing a sufficiently small neighborhood ν of Z, we can choose coordinates which
identify it with a neighborhood of the zero section in T ∗Z × Ck such that for each z ∈ Z,
Stab(z) = {z} × Rk where Rk has coordinates (x1, · · · , xk).
Consider L := UnstabV0(Z) ∩ Skel(W,ω0, V0, φ0) ∩ ν, a potentially singular isotropic of
dimension n − k. The unstable manifold UnstabV0(Z) itself is co-isotropic, but contains
a slice identified with T ∗Z × {0} isomorphic to its symplectic reduction. Moreover, L
is contained in this slice because it is part of the stable manifold of some other zero set
which intersects ν as L×Rk(x1,··· ,xk). Since the stable manifold is isotropic and contains
〈∂x1 , · · · , ∂xk〉 in its tangent space, it must be contained in the slice {y1 = · · · = yk = 0}.
In T ∗Z × {0}, L is the co-oriented co-normal to a hypersurface J ⊂ Z. The joints
in ∆ = Z × Dk are given by J ×Dk, and Skel(W,ω0, V0, φ0) ∩ ν is Z × Dk ∪ L×Dk.
Along ∂ν, V0 points inward along the part of the skeleton identified with (L∪Z) × Sk−1
and outward along ∂ L×Dkε . Because V0 is tangent to L and non-vanishing on L\J ,
integrating its flow allows us to identify L\J with (0, 1) × K where K is a potentially
singular contact isotropic submanifold of the positive contact part of ∂ν. Let s denote
the coordinate on (0, 1). It will be useful to consider K as a Legendrian in the co-sphere
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bundle S∗Z ×{0}. Because of the ordering we consider the bones ∆, we may assume that
if K has singularities, they are arboreal.
K decomposes into smooth Legendrian strata Kj based on which bone ∆j contains that
stratum. Each such bone ∆j has a non-empty joint on ∆ given as J j ×Dk ⊂ Z × Rk.
Since ∆j is locally the co-normal to its joint, ∆j ⊂ T ∗Z × Rk.
Choose a Morse-Bott* function fj : Kj → R which has connected critical locus a manifold
(possibly with boundary) C ⊂ Kj such that Stab∇fj C = Kj. We will modify the Weinstein
structure to create canceling pairs of zeros along {1
3
} × C and {2
3
} × C whose local stable
manifolds are (0, 2
3
)s × Stab∇fj ×Dk(x1,··· ,xk) and {23}s × Stab∇fj ×Dk(x1,··· ,xk) respectively.
The values of φ0 on L are bounded between the φ0 value of ∆ and the φ0 value of ∆j.
Since V0 is non-vanishing along {12}×Kj ×{0}, we can homotope φ0 through gradient-like
functions for V0 which are unchanged outside of a neighborhood of L so that we can assume
φ0 takes a constant value c on {12} × Kj ×{0} and in a neighborhood of Kj ×{0} on ∆j is
given by φ0(s, k, ~x) = c+ s−
∑
i x
2
i .
Now choose a birth family of functions ηt : (0, 1)→ R where η0(s) = s + c− 12 , η 12 has an
embryonic point at 1
2
and η1 has a local maximum at
1
3
and a local minimum at 2
3
. Let
η¯t(s, k, ~x) = ηt(s) + fj(k)−
∑
i x
2
i . Let K ⊂ Kj be a compact subset which contains all of
Kj except a small neighborhood of its joints on other bones. Let ρ : W → R be a bump
function which is identically 1 on a small neighborhood of [1
3
, 2
3
] ×K × {0} and vanishes
outside a slightly larger neighborhood. Let δ(t) be a smooth function which is identically
0 near t = 0 and identically 1 near t = 1. Then define
φt = (1− δ(t)ρ)φ0 + δ(t)ρη¯t
Since V0 is non-vanishing on ∆j ∩ ν and gradient-like for φ0, there exists a metric g such
that with respect to this metric, V0 = ∇gφ0 in the neighborhood of [13 , 23 ] × Kj ×{0}.
Now let Yt be a vector field on ∆j given in this neighborhood ∇g(φt|∆j) and extended
by V0 outside. Then apply Proposition 2.7 to this family. Letting ν0 = {0 ≤ s ≤ 23},
ν1 = {0 ≤ s ≤ 13}, and ν˜ ⊂ ν0 disjoint from the neighborhood of modification, the
resulting Weinstein structure has the first three properties listed in the proposition.
Because K has only arboreal singularities, as we modify the Weinstein structure on each
∆j, we can ensure that Vt remains tangent to the original skeleton in a small neighborhood
U˜ of the bone we are modifying by the last point in Proposition 2.7. However, there
may be a transitional region where changes in Vt yield changes in the skeleton. This
transitional region is a trivial Weinstein cobordism which may have non-trivial holonomy.
The skeleton is changed because Skel(W,ω, V, φ)∩ ∂ν may flow to a different (but contact
isotopic) Legendrian under this non-trivial holonomy which then could have a qualitatively
different front projection onto ∆j as it flows to the joints. To prevent these qualitative
differences in the singularity structure of the skeleton, we use a simple observation we will
refer to as the reverse holonomy trick.
Using the neighborhoods U˜ ⊂ U of ∆j provided by Proposition 2.7, choose a slightly
larger regular neighborhood Uˆ ⊃ U such that Vt is non-vanishing in Uˆ \ U . Let Γ1 be the
holonomy of the trivial Weinstein cobordism using the structure (ω1, V1, φ1) from the convex
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contact boundary of U to the convex contact boundary U˜ . Let Γ0 be the corresponding
holonomy on this cobordism using the structure (ω0, V0, φ0). Let Γ2 be the holonomy of
the trivial Weinstein cobordism from the convex contact boundary of Uˆ to the convex
contact boundary of U (which is the same for the structures (ωt, Vt, φt) since the Weinstein
homotopy is supported in U). (We follow the convention of [CE12] that the holonomy is
the contactomorphism from the positive boundary to the negative boundary obtained by
following the negative flow of V1). Now homotope the Weinstein structure (ω1, V1, φ1) in
Uˆ \ U to change its holonomy from Γ2 to Γ−11 ◦ Γ0 ◦ Γ2. Then the total holonomy from
∂Uˆ to ∂U˜ is Γ1 ◦ Γ−11 ◦ Γ0 ◦ Γ2 = Γ0 ◦ Γ2. Rename the modified structure (ω1, V1, φ1).
Then Skel(W,ω, V, φ) agrees with Skel(W,ω1, V1, φ1) in U˜ , and in particular the joints of
Skel(W,ω1, V1, φ1) on ∆j are unchanged.
The skeleton in the transitional region Uˆ \ U˜ may differ from the original skeleton by
a Lagrangian isotopy. This isotopy initially may affect the singularity structure of the
skeleton near the joints of ∆j on other bones including ∆. To avoid such changes, we use
the reverse holonomy trick again now in neighborhoods other bones which ∆j has joints
on going in φ-value decreasing order up through the joints on ∆. 
After applying this procedure to isolate the Liouville flow into small neighborhoods of the
joints, the stable manifolds of components of zeros of the Liouville vector field are no longer
all Lagrangian bones. The Legendrian K0 is invariant under the flow of V1 and is made up
of a collection of (n − 1) dimensional stable manifolds of connected components of zeros.
Applying Proposition 3.4, we can thicken each of these to n dimensional Lagrangian bones
where the thickening of Z0 to Z1 is in the Reeb direction, while preserving the other bones
in the skeleton by choosing the unstable manifolds of the zeros in Z1 to contain the span
of V0 in their tangent spaces. We call the resulting collection of bones lying in ∂ν0, the
Reeb ribbon.
After this thickening, there are two sets of bones with joints given by the core K0×{0} on
the Reeb ribbon, but with opposite co-orientations. That the joints coincide is not generic.
We can incorporate a Reeb flow contact isotopy into the holonomy on one side to make
these two sets of joints disjoint. When the Legendrian K0 is smooth, this suffices to make
the joints generic and the singularities on the thickening of K0 arboreal A2 singularities.
However, when K0 has singularities, the joints require further contact perturbations to be
generic. This is because the skeleton in a neighborhood of the Reeb ribbon is a prod-
uct of with K0. Even if K0 has only arboreal singularities, the product of arboreal
singularities is not arboreal (see figure 9).
The problem is that the product of two singularities has too much symmetry, and is not
stable under perturbations of the holonomy. Nadler has an explicit resolution of a product
of arboreal singularities into a collection of arboreal singularities. For our purposes, to know
that such a resolution exists by Theorem 3.11, it suffices to show that no singularities of
tangency are created on the Reeb ribbon. In fact, the front projection of the Legendrian K1
onto the Reeb ribbon is an embedding by construction. Even at the end of the Weinstein
homotopy of Proposition 4.1, when the Reeb ribbon is an (n − 1) dimensional isotropic
submanifold, the projection of K1 to K0 is an embedding because the skeleton in this region
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Figure 9. The product of an A2 singularity with itself has four Lagrangian
strata which all intersect at a point, and thus is not arboreal (left). However,
a holonomy perturbation adjusts it to a collection of arboreal singularities
(right). This is the simplest case of a more general resolution procedure of
Nadler. Note the figure represents a skeleton embedded in R4 so interpret
with care.
is Lagrangian isotopic to the product K1×I where the I direction is given by the flow of
V0. After thickening the Reeb ribbon, the unstable manifolds which are projected out in
the foliation become smaller dimensional, so the rank of the front projection remains at
least as large as it was before thickening. By choosing our perturbations sufficiently small,
they will not create new singularities of tangency.
4.2. Arborealizing Σ1,0 tangential singularities. Finally, we prove our strongest result
by performing the final step in arborealization for the first class of tangential singularities.
The mechanism to eliminate these singularities of tangency is similar to Nadler’s real blow-
up of [Nad]. The main difference is that we spread out these singularities at the level of
the Legendrian instead of at the level of the front projection. This allows us to control
the C1 size of the modification which in turn allows us to avoid introducing additional
singularities on the Reeb ribbon which was produced in the localization stage.
A bone ∆j has a non-empty joint H on ∆ if and only if L := Stab(∆j) ∩ Unstab(∆) 6= ∅
where L is identified with the co-normal to J := H∩Z in T ∗Z. We say that the joint H
has a tangential singularity if the corresponding front projection L → Z has a singularity of
tangency. These singularities of tangency can be organized and characterized via the Thom-
Boardman stratification as described in section 2.3. If all singularities of tangency have
Thom-Boardman type Σ1,0 we can explicitly eliminate these tangential singularities.
Theorem 4.2. Suppose all of the tangential singularities of joints have type Σ1,0. Then
there is a homotopy of the Weinstein structure to one whose skeleton has only arboreal
singularities.
Proof. Suppose ∆j has a joint on ∆ with Σ
1,0 singularities. In other words, if Z is the
marrow of ∆ and Kj = Unstab(Z) ∩ ∂ν1 ⊂ S∗Z, the front projection Kj ⊂ S∗Z → Z
has Σ1,0 singularities. We will assume that we have localized as in section 4.1 and use
the notation and coordinates of that section identifying Kj with {13} × Kj ×{0} ⊂ ∂ν1 ∩
Unstab(Z), noting that this isotropic is invariant under the flow of V1. Recall that V0 was
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a Liouville vector field outwardly transverse to ν1 in a neighborhood of K and thus induces
a contact form. Near Kj, we will use the non-vanishing vector field V0 to integrate to a
coordinate s so that V0 = ∂s near Kj and ∂ν1 = {s = 13}. Also note that the skeleton with
respect to V1 is also invariant in the s direction near Kj, and this s direction corresponds
to the radial direction in the co-tangent fibers T ∗Z. We will work entirely in the T ∗Z
slice where ~x = ~y = 0 where ~x are the stable coordinates in ∆ transverse to Z and ~y are
unstable coordinates integrating the kernel of the symplectic form on Unstab(Z). The full
joint on ∆ is simply given by the product with Rk of the intersection of the joint with Z,
so it suffices to eliminate singularities of tangency in Z.
Because of localization, there are two front projections of Kj appearing as joints in the
skeleton: one to Z whose tangential singularities we are trying to resolve, and one to the
Reeb ribbon which is an embedding to the core of the Reeb ribbon with no singularities
of tangency. Let F denote the Legendrian foliation corresponding to the front projection
to Z. Let G denote the Legendrian foliation corresponding to the front projection to the
Reeb ribbon. If the singular locus of the front projection of K with respect to F has only
type Σ1,0 then there is a smooth hypersurface Σ ⊂ Kj (possibly with boundary in ∂Kj)
where the intersection between the tangent space to the skeleton and the tangent space to
the leaves of F is a 1-dimensional line field which is tangent to the skeleton, but transverse
to Σ.
Let d denote the dimension of Kj (d = n−k−1). Because Σ1,0 singularities have a standard
model, we have local coordinates (q1, · · · , qd−1, u) on Kj near each point in Σ and local
coordinates (z1, · · · , zd+1) near its image in Z such that the front projection piF |Kj : Kj → Z
is given by piF |Kj(q1, · · · , qd−1, u) = (q1, · · · , qd−1, u2, u3). In these coordinates Σ = {u =
0}, ker(dpiF) is spanned by ∂u along Σ, and (q1, · · · , qd−1) give local coordinates on Σ. Let
v : ∂ν1 → R be the coordinate defined by v = pizd ◦ piF . Then near Σ, Kj ⊂ {v = u2}
and the leaves of F are contained in the level sets of v. Notice that ∂v is transverse to
T K+T F along Σ. Since ∂u ∈ T K∩T F and K and F are Legendrian, ∂v must pair
symplectically with ∂u, thus (u, v) splits off a symplectic factor normal to Σ. Since Σ is
isotropic and its symplectic normal bundle in T ∗Z is trivialized by the Lagrangian frame
(∂s, ∂u) it has a neighborhood in T
∗Z symplectically modeled on T ∗Σ × C(u,v)×C(s,r).
Along Σ, the leaves of F are isotropic and transverse to Σ × C(u,v)×C(s,r). Therefore
we can choose co-dimension 1 slices of these leaves along Σ symplectically orthogonal to
Σ × C(u,v)×C(s,r), and use this to identify coordinates on the neighborhood of Σ so that
these leaves coincide with the cotangent fibers in T ∗Σ in the splitting T ∗Σ×C(u,v)×C(s,r).
Denote the corresponding coordinates on T ∗Σ dual to (q1, · · · , qd−1) by (p1, · · · , pd−1).
Choose compact subsets K ⊂ K ′ ⊂ Kj containing all but a small neighborhood of the
joints of Kj on other bones. Choose a Morse-Bott* function ψ : Kj → R such that with
respect to a fixed metric, ∇ψ agrees with V1 outside of K ′, Σ agrees with a union of stable
manifolds of critical points of ψ inside K, and the same union of stable manifolds of critical
points of ψ is C1 close to Σ in all of Kj. If Σ has no boundary, we can assume that there
is a unique connected component of critical points of ψ whose stable manifold is Σ. If Σ
has boundary, then we may need a second connected component of critical points of ψ so
that the union of the stable manifolds includes all of Σ including ∂Σ. Denote the points
making up this critical set by Λ so Stab(Λ) agrees with Σ in K. Use Proposition 2.7 and
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the reverse holonomy trick as in the previous section to create a Weinstein homotopy to
(W,ω2, V2, φ2) preserving the skeleton up to Lagrangian isotopy so that V2 restricted to Kj
agrees with a scalar multiple of the gradient of ψ.
Now, the critical points of ψ of less than maximal index will have stable manifolds which
are isotropic but not Lagrangian, so we can thicken them. We will take particular care in
thickening the stable manifolds of Λ to eliminate the Σ1,0 tangential singularities. Choose
ε > 0 sufficiently small so that the coordinate model above is defined for |u| < 3ε.
Consider the C1 functions
h˜+(u) =
{
4εu− 4ε2 u ≤ 2ε
u2 u ≥ 2ε
h˜−(u) =
{
−4εu− 4ε2 u ≥ −2ε
u2 u ≤ −2ε
Let h± be a C1 close smoothing of h˜±. Note that the graph v = h+(u) intersects v = εu
at the point u = 4
3
ε, v = 4
3
ε2 and the graph v = h−(u) intersects v = εu at the point
u = −4
5
ε, v = −4
5
ε2. Also observe that choosing ε sufficiently small makes h+(u) C
1 close
to u2 for u ≥ 4
3
ε and h−(u) C1 close to u2 for u ≤ −45ε.
Thicken the zero set Λ in a neighborhood with |u| < 3ε and |v| < 4ε2 to a thickened
zero set Λ so that locally Stab(Λ) = {~p = 0, r = s = 0, v = εu, |u| ≤ 2ε. Arrange the
transverse Lagrangian foliation such that for points (~q0, u =
4
3
ε) ∈ Λ the unstable manifold
of that point is U~q0,+ := {v = h+(u), ~q = ~q0, r = 0} and for points (~q0, u = −45ε) ∈ Λ the
unstable manifold of that point is U~q0,− := {v = h−(u), ~q = ~q0, r = 0}. These unstable
manifolds agree near the boundary of the neighborhood with the skeleton of the Weinstein
structure before thickening Λ. The thickening (Proposition 3.4) uses a cut-off function to
splice in the thickened Weinstein structure. We can choose this cut-off function ρ such
that wherever the skeleton intersects {ρ′ 6= 0} in T ∗Z, ρ depends only on v. The spliced
Liouville vector field is given by (1−ρ)V1 +ρVloc+HXρ where H is a Hamiltonian function
such that V1 \ Vloc = XH . If ρ depends only on v in a neighborhood in T ∗Z of the skeleton
then Xρ is a multiple of ∂u which is tangent to the leaves of F . We can apply the reverse
holonomy trick in this transitional region to undo any changes to the u-coordinates of the
skeleton as it enters the neighborhood of Λ without changing the invariance of the skeleton
in the qi directions. In a neighborhood of Λ, the skeleton agrees with the union of Stab(Λ)
with ∪U~q0,+ ∪ U~q0,−. See the (u, v) slice of this skeleton in figure 10. Holonomy changes
outside a neighborhood of T ∗Z effected by the cut-off will only effect lower φ-valued joints
and thus will be dealt with at a later stage. Let (V2, φ2) denote the resulting Weinstein
structure.
Now we verify the resulting front projections F and G have no remaining singularities
of tangency. Note that outside of the neighborhood where our coordinates are defined,
there are no singularities of tangency. For the bone Stab(Λ), the tangent space in TS∗Z
is spanned by (ε∂v + ∂u, ∂qi), whereas the leaves of F have tangent spaces spanned by
(∂u, ∂pi), so there is no non-trivial intersection of the tangent spaces. Since Σ agrees in C
with Stab(Λ), the other pieces of the skeleton in this neighborhood agree near Σ with the
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Figure 10. Eliminating Σ1,0 tangencies in the (u, v) coordinates. The hor-
izontal lines show the leaves of the foliation F .
sets
{v = h+(u), ~p = 0, r = 0, u ≥ 4
3
ε} and {v = h−(u), ~p = 0, r = 0, u ≥ −4
5
ε}
and the tangent space to these strata are spanned by (∂u +h
′
±(u)∂v, ∂qi). Since h
′
±(u) 6= 0,
these tangent spaces intersect trivially with T F . In the transitional holonomy region, V2
is a linear combination of two Liouville vector fields which preserve Kj plus some function
multiple of ∂u. Since TpKj ∩TpFp = {0} in this region which lies away from Σ and
∂u ∈ TpFp, the skeleton of (W,ω, V2, φ2) has no singularities of tangency with respect to
F .
Regarding the front projection with respect to the foliation G to the Reeb ribbon, we know
that before the thickening of Λ, Kj had no singularities of tangency with G. We can choose
ε sufficiently small so that the skeleton after thickening is C1 close to the skeleton before
thickening, therefore no singularities of tangency with respect to G are introduced.
Similarly, by performing localization and elimination of singularities of tangency starting
from the highest φ-valued joints to the lowest φ-valued joints, we ensure that the joints ofKj
onto other bones have no singularities of tangency (these would have been eliminated at an
earlier iteration). Therefore, because the modified skeleton remains C1 close to the original,
we can arrange that these joints in the horizontal direction (within ∂ν1 ∩ Unstab(Z)) do
not acquire any new singularities of tangency. 
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